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Abstract
We show that all non-chordal graphs up to 9 vertices whose chromatic polynomials have no
complex roots can be generated by applying a (sequence of) few operations to a small clique.
These operations are the chromatic expansion (connecting a new vertex to every vertex of the
given graph), the pyramid (connecting a new vertex to a clique of the given graph), and two
new operations | here called bipyramid and tripyramid | that generalize the previous one.
We also exhibit the smallest non-chordal graph whose chromatic polynomial has only integer
and irrational roots, the smallest graph with a chordless circuit of length 5 whose chromatic
polynomial has no complex roots and introduce some innite families of non-chordal graphs
whose chromatic polynomials have no complex roots. c© 2001 Elsevier Science B.V. All rights
reserved.
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1. Introduction and basic denitions
We write p(G; t) for the chromatic polynomial of a simple (i.e., loopless and with
no parallel edges) graph G: One of the main tools for computing such a polynomial
is the following recursion known as deletion{contraction formula (e.g. see [3]):
p(G; t) = p(G − e; t)− p(G=e; t);
where e is an edge of G; and G− e (G=e) is obtained by deleting (contracting) e: The
initial condition of the recursion is p(In; t) = tn, where In is the graph with n points
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Fig. 1. The graph RT [1].
and no edges. The chromatic polynomial of an integer-chromial graph has integer roots
only, and the chromatic polynomial of a real-chromial graph has no complex roots.
Let us introduce some operations on graphs. The chromatic expansion of a graph G;
denoted by G + K1; is the graph obtained by connecting a new vertex to every vertex
of G: (We denote by Kn the clique of order n.) The chromatic polynomial of G + K1
is t  p(G; t − 1): A pyramid of graph G is formed by connecting a new vertex to a
clique of G: We denote by Pn(G) any such resulting graph, where n is the size of the
clique the pyramid is built on. (If there is no need to show that size, we simply write
P(G):) The chromatic polynomial of Pn(G) is p(G; t) (t − n): A chordal graph does
not contain chordless circuits of length 4 or more. Chromatic expansion and pyramid
operations share two obvious properties that are basic to our purposes:
1. If G is real(integer)-chromial, then so are G + K1 and Pn(G):
2. G + K1 and Pn(G) are chordal if and only if G is chordal.
It is well known that chordal graphs are integer-chromials, however it is not the
case that all integer-chromial graphs are chordal. Indeed, Fig. 1, taken from [1], shows
the smallest integer-chromial, non-chordal graph. We call this graph RT . Its chromatic
polynomial turns out to be p(RT ; t) = t(t − 1)(t − 2)(t − 3)3(t − 4):
We will show that all real-chromial, non-chordal graphs on less than 10 points can
be obtained by performing a sequence of simple operations on a small clique. These
operations are the chromatic expansion, the pyramid and other operations (see below
for denitions) that generalize the pyramid.
In the following, we will refer to integer-chromial, non-chordal graphs as ICNC
graphs, and to real-chromial, non-chordal graphs as RCNC graphs.
2. The 13 RCNC graphs on 8 points
The task of generating and characterizing all RCNC connected graphs on 8 points
has been made easier by a result of Brenti et al. [1] in which the authors state that
there are exactly 13 graphs of that class. Here we study the operations that allow us
to obtain such graphs.
We begin by building pyramids on RT . In this way, one obtains 11 ICNC graphs on 8
points. These graphs, we call G1{G11; are shown in Fig. 2, their chromatic polynomials
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Fig. 2. The 13 RCNC graphs on 8 points. Graphs from G1 to G11 are obtained via pyramids over RT , while
G12 is the chromatic expansion of RT .
are listed as follows:
p(G1; t) = p(G2; t) = p(G3; t) = p(P1(RT ); t) = p(RT ; t) (t − 1);
p(G4; t) = p(G5; t) = p(G6; t) = p(P2(RT ); t) = p(RT ; t) (t − 2);
p(G7; t) = p(G8; t) = p(P3(RT ); t) = p(RT ; t) (t − 3);
p(G9; t) = p(G10; t) = p(P4(RT ); t) = p(RT ; t) (t − 4);
p(G11; t) = p(P5(RT ); t) = p(RT ; t) (t − 5):
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Fig. 3. A bipyramid over a graph G. The shaded part H is a clique whose vertices are numbered v1; v2; : : : ; vn.
One more graph, G12 (always in Fig. 2), is the chromatic expansion of RT , and has
chromatic polynomial
p(G12; t) = t  p(RT ; t − 1):
To characterize the 13th graph, it is convenient to introduce the following operation:
Denition 2.1. Let G be a graph containing a clique H of order n> 1 and let
fv1; v2; : : : ; vng be the vertices of H: Build a pyramid from a new vertex A to the
rst a vertices of H; where 0<a<n: Build another pyramid from a new vertex B to
the last b vertices of H; where n − a6b<n: Let r be the number of vertices of H
which are adjacent to both A and B: (Thus n=a+b−r, and b> 0.) Finally, connect A
to B: The resulting graph will be denoted by Ba;b;r(G) and called an (a; b; r)-bipyramid
or simply a bipyramid on G. Also, we write Ba;b(G) for Ba;b;0(G):
Incidentally, since the graph Ba;b;r(G) depends on the choice of the clique, a proper
notation should mention the particular clique chosen. However, we did not do so
because, irrespective of the clique the bipyramid is built on, all the resulting graphs
have the same chromatic polynomial. Fig. 3 sketches the bipyramidal construction.
For instance, it is not dicult to see that B1;1(K2) = C4 (i.e., the cycle of length
4) and B2;5;1(K6) = RT + K1 = G12. A basic property of the operation just dened is
stated in the following:
Proposition 2.2. A bipyramid is non-chordal.
Proof. From Fig. 3, the edges (v1; vn); (vn; B); (B; A); (A; v1) form a chordless C4:
Below, we compute the chromatic polynomial of Ba;b;r(G):
Proposition 2.3. Let G be a given graph containing a clique of order n> 1: Then
p(Ba;b;r(G); t) = p(G; t)ma;b;r(t); (1)
where ma;b;r(t) = t2 − (a+ b+ 1)t + ab+ n:
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Fig. 4. The graph G13.
Fig. 5. The graph RT seen as B1;4(K5).
Proof. Let, for convenience, e denote the edge (A; B): It is immediately seen that
p(Ba;b;r(G)− e; t) = p(G; t) (t − a) (t − b)
and that
p(Ba;b;r(G)=e; t) = p(G; t) (t − n):
The result then follows from the deletion{contraction formula.
Finally, we derive the wanted RCNC graph on 8 points, G13; by building a bipyramid
on K6 (see Fig. 4). Specically, G13 =B1;5(K6) and by Proposition 2.3 its chromatic
polynomial is
p(G13; t) = (t)6 (t2 − 7t + 11);
where (t)n = t(t − 1)    (t − n+1) is the so-called falling factorial polynomial. (Note
that (t)0 = 1:) Thus, G13 turns out to be the smallest RCNC graph whose chromatic
polynomial actually has irrational roots, namely
7 +
p
5
2
and
7−p5
2
:
Here it is worth noting that the motivation for the denition of bipyramidal operation
was the remark that RT can be seen as a bipyramid on K5: Indeed Fig. 5 shows that
B1;4(K5) = RT:
Thus, we have been able to get all the 14 RCNC graphs up to 8 points with oper-
ations of pyramid, bipyramid and chromatic expansions, starting from K5: Moreover,
since Kn itself is a simple pyramid on Kn−1 we can say that all the 14 RCNC graphs
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Table 1
The 209 RCNC graphs on 9 points obtained via pyramidal operations and chromatic expansions
from RT
Sequence of operations # of ICNC graphs # of RCNC graphs
P(P(RT )) 168 168
P(RT + K1) 23 23
P(B1;5(K6)) 0 13
(RT + K1) + K1 1 1
B1;5(K6) + K1 0 1
B1;4(RT ) 2 2
B1;6(K7) 0 1
194 209
up to 8 points can be obtained with multipyramid operations and chromatic expan-
sions starting from K1:
3. The 210 RCNC graphs on 9 points
Here we are concerned with the generation and characterization of all RCNC graphs
on 9 points. Table 1 shows how one can obtain 209 RCNC graphs on 9 points with
pyramid, bipyramid and chromatic expansion starting from either RT or a complete
graph. At any rate, again from [1] we know that, to complete our listing, we have to
nd one more graph.
To this end we introduce a new operation.
Denition 3.1. Let G be a graph containing a clique H of order n> 1 and let
fv1; v2; : : : ; vng be its vertices. Build an (a; b; r1)-bipyramid from two new vertices,
A and B; to the rst a+ b− r1<n vertices of H: Build a pyramid from a new vertex
C to the last c vertices of H; where n− a− b+ r16c6n− a: Let r2 be the number
of vertices of H which are adjacent to both B and C: (Thus n = a + b + c − r1 − r2,
and 0<a; b; c<n.) Finally, connect B to C: The resulting graph will be denoted by
Ta;b;c;r1 ;r2 (G) and called an (a; b; c; r1; r2)-tripyramid or simply a tripyramid on G. Also,
we write Ta;b;c(G) for Ta;b;c;0;0(G):
Fig. 6 displays the structure of a tripyramid.
Proposition 3.2. A tripyramid is non-chordal.
Proof. From Fig. 6, the edges (v1; vn); (vn; C); (C; B); (B; A); (A; v1) form a chord-
less C5:
Next we compute the chromatic polynomial of Ta;b;c;r1 ;r2 (G):
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Fig. 6. A tripyramid over a graph G. The shaded part H is a clique whose vertices are numbered v1; v2; : : : ; vn.
Proposition 3.3. Let G be a given graph containing a clique of order n> 1: Then;
p(Ta;b;c;r1 ;r2 (G); t) = p(G; t)ma;b;c;r1 ;r2 (t); (2)
where
ma;b;c;r1 ;r2 (t) = t
3 − (a+ b+ c + 2)t2 + (ab+ ac + bc + a+ b+ c + n+ 1)t
− abc − ab− 2ac − bc + ar2 + cr1 − n:
Proof. Let, for convenience, e denote the edge (B; C): Hence, the graph
Ta;b;c;r1 ;r2 (G) − e is easily seen to be obtained by building a pyramid with vertex
C and insisting on a clique of size c, plus an (a; b; r1)-bipyramid, both on G. By
Proposition 2.3, we get
p(Ta;b;c;r1 ;r2 (G)− e; t) = (t − c)p(Ba;b;r1 (G); t)
= (t − c)p(G; t) (t2 − (a+ b+ 1)t + ab+ a+ b− r1):
On the other hand, the graph Ta;b;c;r1 ;r2 (G)=e is an (a; b+ c− r2; r1)-bipyramid, and
again from Proposition 2.3, we obtain
p(Ta;b;c;r1 ;r2 (G)=e; t) = p(G; t) (t
2 − (a+ b+ c − r2 + 1)t + a(b+ c − r2) + n):
By deletion{contraction formula, we have p(G; t) = p(Ta;b;c;r1 ;r2 (G) − e; t) −
p(Ta;b;c;r1 ;r2 (G)=e; t), whence the claimed result follows.
This operation enables us to complete our search. Indeed T1;4;5;0;4(K6) in Fig. 7 is
non-chordal and its chromatic polynomial has roots
0; 1; 2; 3; 4; 4; 5; 4−
p
2 and 4 +
p
2:
It is worth noting that T1;4;5;0;4(K6) is the smallest RCNC graph containing a chord-
less circuit of length 5:
4. A note on RCNC graphs on more than 9 vertices
All RCNC graphs so far considered, can be obtained via pyramid, bipyramid, tripyra-
mid or chromatic expansion starting from K1: Here we show a family of RCNC graphs
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Fig. 7. The graph T1;4;5;0;4(K6).
Fig. 8. The graph Ma;b.
that, in general, cannot be obtained by performing these operations. Fig. 8 displays the
typical graph of this family, referred to as Ma;b in the following.
The structure of Ma;b is very simple. Let, for some 0<a6b; Ka and Kb be two
cliques of order a and b; respectively. The graph Ma;b is obtained by connecting two
new vertices, that we call  and ; to all the vertices of Ka and Kb: Ma;b is not chordal
since it contains several chordless C4: (It does not contain, however, longer chordless
circuits.) For instance, M1;1 is C4, while M1;4 is RT and M1;5 is G13: To compute the
chromatic polynomial of Ma;b it is convenient to consider the graph H obtained by
adding the edge e = (; ) to Ma;b: It turns out that
p(Ma;b; t) = p(H ; t) + p(H=e; t):
To derive the polynomials p(H ; t) and p(H=e; t) we recall (see, for instance, [3])
that if a graph F consists of two graphs, A and B; that overlap in a clique of order m;
then
p(F ; t) =
p(A; t)p(B; t)
(t)m
:
Thus,
p(H ; t) =
(t)a+2(t)b+2
(t)2
and p(H=e; t) =
(t)a+1(t)b+1
(t)1
:
Hence, the chromatic polynomial of Ma;b is
p(Ma;b; t) = (t)a+1(t)−12 (t)b+1(t
2 − (a+ b+ 1)t + a+ b+ ab): (3)
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To study the roots of p(Ma;b; t), we denote by ma;b(t) the polynomial t2 − (a+ b+
1)t+ a+ b+ ab; and by  its discriminant. We consider two cases. If a= b one easily
sees that =1−4a< 0: Otherwise, a simple computation shows that >0 when either
b>1 + a+ 2
p
a or b61 + a− 2pa: We have proved the following:
Proposition 4.1. Let a; b 2 N and b>a> 0: The chromatic polynomial of Ma;b has
all real roots if and only if b>1 + a+ 2
p
a:
It is easy to see that M1; b is nothing else but B1; b(Kb+1): However, for any a> 1;
Ma;b can neither be obtained by pyramidal operations nor by chromatic expansion. If
b>1 + a + 2
p
a; then Ma;b is an NCRC graph. In particular, the roots of ma;2a+2(t)
are easily seen to be a + 2 and 2a + 1: Thus, M2;6 is an ICNC graph on 10 points
that can neither be obtained with pyramidal operations nor via chromatic expansion.
Its chromatic polynomial is
p(M2;6; t) = t(t − 1) (t − 2)2(t − 3) (t − 4)2(t − 5)2(t − 6):
There is one more set of parameters yielding an interesting family of ICNC graphs
that cannot be obtained with the operations described in previous sections. In fact, by
letting a=q2 and b=(1+q)2 for every q 2 N the trinomial t2−(a+b+1)t+a+b+ab
factors as
(t − 1− q− q2)2:
In particular, by writing Qq for Mq2 ; (1+q)2 , we have
p(Qq; t) = (t)q2 (t)
−1
2 (t)(1+q)2 (t − 1− q− q2)2:
We list, for instance, the roots of Q10:
0; 1; 22; 32; : : : ; 1002; 101; 102; : : : ; 110; 1113; 112; 113; : : : ; 121:
5. Final remarks
1. We have shown that T1;4;5;0;4(K6) contains a chordless circuit of length 5. This
property can be generalized as follows. For n> 6; the chromatic polynomial of
T1; n−2; n−1;0; n−2(Kn); a non-chordal graph containing a chordless circuit of length
5; has real roots. In fact, for n> 6; the roots, r1; r2; and r3 say, of the equation
m1; n−2; n−1;0; n−2(t) = t3 − 2nt2 + (n2 + 2n− 2)t − 2n2 + 3n− 2 = 0
satisfy the inequalities
2<r1< 3 and n− 2<r2<n− 1<r3<n:
Notice however, that Dong and Koh [2] show an innite family of ICNC graphs
containing chordless circuits of length 5:
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2. The graph drawn below, which is obtained by performing a bipyramid on RT , is
the smallest RCNC graph (in fact an ICNC one) that contains two disjoint C4 (bold
edges in the gure).
3. Several of the above graphs share the same chromatic polynomial. In fact, there are
only 23 (9) distinct chromatic polynomials for the 194 (16) ICNC (RCNC) graphs
on 9 points. Moreover, there are only 4 pairs of irrational roots showing up in the
9 chromatic polynomials of the 16 RCNC graphs, namely:
7p5
2
; 4
p
2; 4
p
3 and
9p5
2
:
4. Finally, we recall that [2] states the following conjecture:
every ICNC graph has chromatic number greater than 4:
Indeed, the chromatic polynomials of all ICNC graphs we have considered the root
4. Hence our work proves the conjecture for graphs up to 10 vertices.
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